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SOLUTION OF HEAT-CONDUCTION PROBLEMS WITH VARIABLE
THERMOPHYSICAL PROPERTIES BY THE METHOD OF NETS
Yu. A. Samoilovich
Inzhenerno-Fizicheskii Zhurnal, Vol. 8, No. 6, pp. 747~753, 1965
The paper presents the numerical solution of a two-dimensional heat-conduction problem for an infinite

bar with a square cross-section, temperature~dependent thermophysical properties and radiant heat trans-
fer at the surface.

Consider the problem of the heating of an infinite bg;t with a square cross-section A X A with radiant heat transfer
at the surface according to the Stefan-Boltzmann law and with temperature-dependent thermophysical properties.

The differential equation of heat conduction is
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when the origin of the coordinate systemn (x =y = 0) lies on one of the edges of the bar. AtT =0
T(xs Y, 0) =Ti o (3)

In view of the nonlinearity of the differential equation and of boundary conditions (2) the problem will be solved
numerically, by the method of nets.

Rewrite equation (1) in the form .

- ar ,(62T 62T) ok T  on dT
C'Y = A] —

! m——— ettt p———— ——"—"‘.. 4
loks ox?  dy? + Ox oOx * dy dy @

Let us divide the total time of the process into small intervals Ar (not necessarily equal) and let us replace the deriva-
tive 8T/d7 by the expression (T'm, &, «1-ax — Tm, &, -)/AT. In addition to that, let us express the coefficients A and ¢ in
terms of the temperatures at the nodes of a two-dimensional space grid at the beginning of each time interval Ar, and
let us introduce the finite~difference approximations
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This yields a finite~difference equation of the explicit type
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The choice of the time interval Ar is determined by the stability condition of equation (5).

The boundary conditions (2) are introduced in the following manner [1}: Let the net cover the cross-section of the
body in such a way that the boundaries of the cross-section lie midway between the two outer rows on each side (Fig. 1).
Introducing the approximations
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into (2), we obtain the expression for the temperature at the outer (fictitious) point of the boundary semi-layer
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where

0=0,(Te,-—Ts . & M. - —Ts . & -). ©)

In view of the fact that the heat-transfer coefficient a is a function of the unknown temperature at the surface, boundary
condition (2) can be introduced by successive approximations, iterating with respect to either Ty , or T; . In order to
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Fig. 1. Net of points for the calculation of Fig. 2. Dependence of the thermophysical properties of
the heating of a solid body with a square Steel 08 on temperature, according to [2]. 1)a (m?¥/hr);
cross-section. 2) A (W/m - deg); 3 c (kI/kg - deg),

speed up the convergence of successive approximations we can use Newton's formula

(s+1) (p) (e) —0
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where p is the ordinal number of the iteration.

The function f(Tf) is obtained by transferring all terms of equation (2) to the right-hand side:

T \
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Taking account of (6) and (7) we obtain
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and substituting these into (10) yields
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As the initial approximation T f we can take the value of T¢ obtained from equations (8) and (9) with the sur-
face temperature corresponding to the béginning of the time interval Ar.

The results show that the successive approximations based on Newton's formula converge very rapidly. The second
and third approximations already agree to four significant figures.

Values of Thermal Conductivity A and Thermal Diffusivity a of Steel 08 According to [2]
(knp and kgp—temperature coefficients in equations (15))

T, °K *,r W/ m-deg a,. m% hr k. 1/deg kope 1/ deg
273 61,44 0.059 - —0.635-10-3 —0.974.10~%
673 45 .84 0.036 —0.907.10~3 —0.157-10-2
973 " 33.36 0.019 —0,216.10~2 —-0.737.10~2
1023 29.76 0.012 —0.325.103 --0.250-10—2
1223 27 .84 0.018 40.376.10~3 --0.100-10~2
1773 33.60 0.027 — —

Note: The values of the thermophysical properties in the temperature range 1223 to
1773° K were obtained by extrapolation of the experimental data of [5].-

As an illustration, we shall show the results of the computation of the radiant heating of a square bar. The data
are typical for the heating of ingots with square cross-section in a soaking pit before rolling. The heating is assumed to
be in two stages: a) raising of the temperature of the heating medium according to a linear law

To = Trum™ Tfum o + b7, a4
with gy o =973K and b =175 deg/hr; b) heating at constant furnace temperature Ty = 1673K.

The initial temperature of the ingot is assumed to be 293°K. The apparent coefficient of radiant heat transfer is
o, =3.5 107" w/m?deg®.

The variation of the thermophysical properties of Mark 08 steel [2] was approximated, as shown in Fig. 2, by
 piecewise linear functions

}-m, k= )~n~—1 (1 -+ kkn(Tm, [ 2 Tﬂ—')]s‘

A = Ap—y [1 -+ kan (Tm. kR Tﬂ*”]- 2)

The values of the coefficients ‘A, , @y—1, kp, and k,, as functions of the temperatures T ,.; are given in the table.
The results of the computation of the heating of ingots with A =0.4-1.0 m are given in Fig. 3.

As can be seen from the graphs, in the temperature range in the neighborhood of 1050K the temperature increase
at the axis of the ingot slows down, due to the absorption of heat by structural transformations. A similar effect hasbeen
observed experimentally [3]. The results shown in Fig. 3 were used to optimize the process of preheating of steel ingots
before rolling.
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It should be noted that the problems of stability and convergence of finite-difference equations for nonlinear
hear-conduction problems have not yet been analyzed in a satisfactory manner.

The finite-difference equation (5) is stable when the time step satisfies the condition [4]

(AT)’: \< (ATmm)t = Khz/(am, k, -:)max , (16)
where K =1/4.

In order to check the validity of condition (16), the computation of the heating of a square bar with A =0.72 m
was repeated with different values of K, viz. K =1/4, 1/8, and 1/12, with all other conditions being equal (the number
of space steps in each direction was 10).
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Fig. 3. Results of the computation of the heating of square ingots in a soak-
ing pit (cross-section A = B =0.4-1.0 m; material — Steel 08;

- .10~8 2dect: T. = . . ; .
Oa =38.5 107" W/m*deg’; T; = 293K ): D) Tgyrni 1D Tgyrface’ 1D Taxis
for 1) A =400 mm; 2) 480; 3) 520; 4) 640; 5) 720; 6) 800; 7) 1000,

A comparison of the results shows that the reduction of the value of K = 1/4 by a factor of two or three led to devi-
ations not higher than 3 deg at the axis and not higher than 7 deg at the center of each side at the initial stage of the
heating, and these deviations subsequently continuously decreased. This confirms the stability of the computation ac-
cording to equation (5) under the condition

(At): = h*/40max, - . (16a)

To estimate the error associated with the approximation of the differential equation by a finite-difference equa-
tion, we used Runge's method [5]. based on a comparison of the results of computations with different mesh sizes.

Let &N, and sy, be the errors in the values of the temperature when the cross-section is divided into Ny and N,
layers, respectively, i.e.,

T = TNI -+~ €Nt , T = TN2 + N2, TN1 — TN2 = Eng —EN1. (17)

We assume that the error is proportional to the squate of the step size, i.e.,& = k(Ax?* + Ay?). When Ax = Ay =h

et = 26Nt , ene = Qkhks,

2 2 (18)
enz — ent = 2k (e — ).
Comparing (17) with (18), taking into account that hy, = (Ny/ Np) hy,. we obtain
—T .
ey = 1 =T 19)
(Ni/NypP—1
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A comparison of the results for a bar with A = 0.5 m of Steel 08, divided into 7 and 14 layers (in each direction),
indicates that the error of the computation with N = 7 is not higher than 10 deg at the axis and at the centers of the sides
at the initial stage of the heating, and subsequently (for 7 > 2 hr) the error decreases to a few degrees.

Thus the accuracy of the solution obtained with a net of 7-10 steps in each direction, and with a time step satis-
fying condition (16a), is quite sufficient for practical purposes.

It should be noted that the choice of too small steps h and Ar results in a sharp increase of machine time. Thus it
is interesting to consider net equations for heat-conduction problems which are not restricted by a stability condition for
the time step AT .

Such equations are described in the literature [4]. In particular, there have been developed such equations for two-
dimensional problems, using a square space net, but in most cases the thermophysical properties were assumed to be con-
stant. '

In the following we shall derive net equations of the explicit and implicit types which are not restricted in the
choice of the space and time steps, suitable for problems with variable thermophysical properties. ‘

Substituting in equation (4) the finite-difference approximations for the derivatives

_ﬂ_‘_ - Tm, k, 'r"Tm. k, =—AT _‘2_7: —_ Tm-H, kot — dm-1, k,"t .
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we obtain the implicit net equation

ATp &, « +BTmyr, b, « +CTimet, b, = + DTy, g1y, « + (20)
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@y Is an arbitrary constant, e.g., gy = a‘(2'73°K), and Sy = Ax*/ apAT. Equation (20) is a finite-difference equation of the
elliptic type, which can be solved either by direct (matrix) or by iterative methods [4].

M

H

To obtain an explicit net equation which is stable in a wide range of step sizes Ax, Ay, AT, we shall use the
method of Du Fort and Frankel [6]. Approximate the time derivative by the central difference

oar

T T T_'-T. t—At].
61 2A (m..+A m, k, A)

Using the relation

Tm, k, ™ %(T , R, At + Tm, k, 1:—-A_1)

and the finite-difference approximations for the space derivatives listed above, we obtain the explicit net equation
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where

o = A x*/2a,Ax, a, == const.

In the case of constant A and @ and Ax = Ay equation (21) reduces to the equation of Du Fort and Frankel [6]

T, b, wbAn =

o—2 1
T’ TAT T » » T
ol 2 . ks A+m+2( ml, kB, ot

FTmt, b« + T, w17+ T, 11, =)

(21a)

Equation (21) requires that the values of the temperature at all space points be stcred for three consecutive rime
levels (r — AT, T, T + Ar), unlike equation (5) which involves only two levels.

The comparison of equations (5), (20), and (21) from the point of view of applicability to machine computation,
as well as the comparison of their stability and convergence, are outside the scope of the present work.

NOTATION

n —surface normal; Ty, Ty — temperature of heating medium and furnace, respectively; T — initial tempera-
ture of heated solid; A, ¢, y, a — thermal conductivity, specific heat, density, and thermal diffusivity of the material;
T —time; A — length of side of square cross-section; Ax = Ay/Ny, Ay = Ay/Ny, h = A/N — width of layers (distance be-
tween nodes) in finite-difference net; o, — apparent coefficientofradiantheattransfer;m=1,2,38,..., k=1,2,3, ... =
ordinal numbers of net nodes along the x and y coordinates, respectively.’
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